An algorithm for creating repeating patterns from a single decorated square gives rise to an obvious combinatorial question: How many different patterns can be created, following the rules? Answers vary according to the definition of equivalence of patterns, and computer sorting programs can provide numerical answers. But algebraic techniques give insight into the answers and provide general formulas for similar problems. Group actions on signatures assigned to patterns can also determine which patterns have symmetry.
Introduction
During the period 1938-1943, the graphic artist M.C. Escher devised a construction of repeating patterns generated by a simple asymmetric motif outlining overlapping bands, carved into a square block of wood that could act as a stamp. He carved a second block, the mirror image of the original, then two more blocks matching the first two, except that the under/over order of the weave was "inverted", that is, the under/over order of band crossings was interchanged.
Using these carved blocks, he would create a 2 × 2 square tile filled with four stamped motifs, then repeat the 2 × 2 square tile by vertical and horizontal translations to generate a doubly periodic planar "ribbon" pattern. Since each carved block could be rotated by 90 • , he had a total Fig. 1 . The 16 aspects of Escher's ribbon motif, labeled with his symbols. Aspects 2, 3, and 4 are successive counterclockwise rotations of aspect 1, and aspects 1-4 are reflections of these in a horizontal line. Each motif in the second row is the same as that above it except that the under/over order of the weaves has been inverted. of 16 aspects of the original motif from which to choose four (with repetition allowed) to fill a 2 × 2 tile to generate a ribbon pattern (see Fig. 1 and [7, 20, 21] ).
Escher was aware that different 2 × 2 tiles filled with various aspects of the motif could be translated to produce the same ribbon pattern in the plane. He asked:
How many of the patterns generated by translating these tiles are inequivalent? He considered two patterns to be equivalent if there was an isometry of the plane that transformed one into the other. He investigated the case when choosing only from aspects 1-4 to fill the 2 × 2 tile, and found (correctly) that the 4 4 = 256 different tiles generate only 23 inequivalent patterns. He also investigated two special cases in which one may choose from the eight aspects 1-4 and 1-4 and obtained almost complete results (see [20] and [21] ).
Escher's question can be extended to the case when one may choose from all 16 aspects of the motif shown in Fig. 1 ; we then can extend the notion of equivalence of patterns to allow for an inversion combined with an isometry in order to transform a pattern into an equivalent one. As well as determining the number of inequivalent patterns in all these cases, we may ask which patterns are invariant under an isometry (and hence have traditional symmetry) or invariant under an isometry coupled with an inversion. There are three keys to answering these questions: assigning a signature to each generating 2 × 2 tile, embedding a generating tile (and hence the pattern it generates) in the coordinatized x y-plane, and defining transformations of the signatures. In this article, we describe our techniques for answering these questions, and the solutions we obtained.
2 × 2 ribbon patterns
In the sections that follow, all of our illustrations will show patterns generated by Escher's algorithm, choosing from the 16 aspects of his motif in Fig. 1 . However, our arguments apply to all 2 × 2 ribbon patterns. We define a 2 × 2 ribbon pattern as a two-layered pattern that is generated as follows: Begin with a motif of crossing bands in a square; the motif cannot be fixed by a symmetry of the square, or a reversal of under-over crossings (an inversion) combined with a symmetry of the square. In the motif, at least two bands cross, but there are no points with triple or multiple crossings of bands. In addition, bands of the motif should meet the boundary of each side of the square in such a way that when any two aspects of the square are joined at a square's edge, each band that meets that edge will be matched to a band in the adjacent square. (This last condition on the motif is purely aesthetic: it creates the ribbon-like strands of the pattern.) Generate the set of 16 aspects of the motif (by 90 • rotations, reflections, and inversions), then choose any four aspects from this set (with repetition permitted) and fill a 2 × 2 square tile with the four chosen aspects of the motif. Translate the 2 × 2 tile in the directions of its edges to produce the doubly periodic pattern. Fig. 2 . Motif A has two crossing bands. Following Escher's conventions for notation, we denote successive 90 • counterclockwise rotations of A as B, C, D, respectively; reflections of these in a horizontal line have an underline, and inversions (reversal of crossing) have the letter "a" appended. Each 2 × 2 tile is filled with aspects of A as diagrammed by the square array of their symbols; the ribbon pattern generated by the 2 × 2 tile is to its right.
An example of an asymmetric motif with just two crossing bands and two of the ribbon patterns it generates are shown in Fig. 2 .
At first glance, it might seem that many woven fabrics can be viewed as 2 × 2 ribbon patterns. In the last section of this article, we address the connections between woven fabrics and 2 × 2 ribbon patterns and give several cautions in applying our enumeration and symmetry analyses.
Signatures of 2 × 2 tiles
In this and subsequent sections, the tiles and ribbon patterns we refer to are those produced by Escher's motif in Fig. 1 . A signature for a 2 × 2 tile and the ribbon pattern it generates consists of a string of four aspect symbols (as given in Fig. 1 ). These represent the aspects in the tile's four subsquares: first the top two aspects (read left-right) followed by the bottom two aspects (read left-right), as illustrated in Fig. 3 . Each 2 × 2 tile has a unique signature, and conversely, each signature determines a unique 2 × 2 tile. 
Embedding 2 × 2 tiles and their ribbon patterns in the x y-plane
Let S signify the set of 2 × 2 ribbon patterns, each generated by translating a 2 × 2 tile composed of four (not necessarily distinct) aspects chosen from the 16 aspects of Escher's ribbon motif in Fig. 1 . We will use the shortened term "ribbon pattern" to mean a 2 × 2 ribbon pattern. Although here we specifically consider Escher's motif and the ribbon patterns it generates, our arguments can be applied to any 2 × 2 ribbon pattern as defined in Section 1.1. We could also restrict the set of aspects from which one may choose to fill the 2 × 2 tiles (later, we do that).
To produce a 1-1 correspondence between 2 × 2 tiles and the ribbon patterns they generate, we embed the tiles in standard position in the xy-plane. To do this, we consider the subsquares of a 2 × 2 tile to be unit squares and place the tile in the xy-plane so that the center of the lower left subsquare lies at the origin. The embedded 2 × 2 tile (which we will refer to as the prototile for the ribbon pattern it generates) then has coordinates (0, 0), (0, 1), (1, 1) , and (1, 0) at the centers of its subsquares. Translating a prototile T repeatedly by two units in the directions of the x-and y-axes generates its ribbon pattern W . This embedding of T and W in the xy-plane establishes a 1-1 correspondence φ so that W = φ(T ). Fig. 4 illustrates this embedding, showing a prototile with signature 2 1 3 4 and the ribbon pattern it generates.
Actions on embedded 2 × 2 ribbon patterns and their prototiles
If X is a group that acts on the set S of ribbon patterns, we can define an action of X on the set of their prototiles as follows: if g ∈ X, and T is the prototile for ribbon pattern W , then g(T ) is defined to be the prototile for g(W ). We will say that two embedded ribbon patterns W 1 and W 2 in S are equivalent with respect to a group X if and only if there is some element g ∈ X that transforms W 1 into W 2 . Similarly, two prototiles T 1 and T 2 are equivalent with respect to X if and only if there exists some g ∈ X such that g(T 1 ) = T 2 .
The groups X we consider will be subgroups of the group G generated by the following transformations of the xy-plane: By mapping coordinates modulo 2, the generators of G map the location of each subsquare center of a prototile T to some new location in the set {(0, 0), (0, 1), (1, 0), (1, 1)}. In addition, these transformations (with the exception of translations) change the aspects of the motifs. We first consider only the changes in locations of the subsquares; changes in the aspects of motifs are addressed in the next section.
Throughout, the notation x will denote the congruence class of a coordinate x, modulo 2. Fundamental transformations in G act on the locations of subsquares in a prototile as follows:
(1) S 1,0 ((x, y)) = (x + 1, y) (translation by one unit in the positive x direction).
S 0,1 ((x, y)) = (x, y + 1) (translation by one unit in the positive y direction). 
Actions on signatures of prototiles
The action of the group G on the ribbon patterns in S defines a natural action on the set of signatures of their prototiles. Given an element g ∈ G and a prototile T with signature p q r s, where p, q, r, s are chosen from the set {i, i , i a, i a : 1 ≤ i ≤ 4}, we define g( p q r s) to be the signature of the prototile g(T ). Two signatures are said to be equivalent if and only if their prototiles (and hence their ribbon patterns) are equivalent.
We want to describe the action on signatures of the fundamental elements in G given in the previous section. To describe the action of rotations, we define the successor p of a symbol p in a signature to be the aspect obtained when aspect p is rotated 90 • counterclockwise. We will denote by p the successor of p and by p the successor of p . The successors of each of Escher's 16 symbols for aspects in Fig. 1 are shown in Table 1 . Table 1 Successors of each of Escher's 16 symbols for aspects shown in Fig. 1 From Table 1 , we can observe:
• On symbols that are not underlined, R 90 acts as the cyclic permutation (1234), sending i to i + 1 (mod 4) and i a to (i + 1)a (mod 4). Inversion I acts as a "toggle" on symbols in a signature, adding an 'a' to each symbol without one and deleting an 'a' from each symbol with one. For example, I (1) = 1a, and I (2a) = 2. Similarly, the reflection R acts as a toggle with respect to adding or deleting an underline from each symbol; R(1a) = 1a and R(4) = 4.
Note that the elements R 180 , R, and I commute with one another, and the elements R 90 , R 180 , R 270 , and I commute with one another, but the rotations R 90 and R 270 do not commute with R.
This also means that the 'prime' notation for rotated images must be used carefully with the bar notation for reflected images. If p is a symbol representing one of the aspects in Fig. 1 , then
For example, R R 90 (1) = 1 = 2, and R 90 R(1) = 1 = 4. We also note that
hence 
Fundamental transformations in G act on a signature p q r s of a prototile as follows: 
Counting inequivalent 2 × 2 ribbon patterns

Counting by exhaustive search
In the 1940s, Escher used a methodical by-hand search in his quest to find the number of inequivalent ribbon patterns for some limited cases. He considered all possible signatures, hand-sketched their associated patterns with a simple motif, eliminated those that were duplicates, and finally used his carved blocks to stamp out an inventory of inequivalent patterns.
Several decades later, a computer search is an obvious technique for solving these problems, since two ribbon patterns are equivalent if and only if their signatures are equivalent. Such a program can apply the transformations of a subgroup X of G to all signatures with aspects chosen from a specified set, and then classify and enumerate the equivalence classes with respect to X. Dan Davis was the first to use such a search on the 8 4 = 4096 signatures with aspects chosen from 1-4 and 1-4, acting on them by the group X generated by the transformations S 1,0 , S 0,1 , R 90 , and R; he found 154 inequivalent ribbon patterns for this case [2] .
We note that, in general, if one restricts the generators of the group acting on the signatures to the set {S 1,0 , S 0,1 , R 90 } or {S 1,0 , S 0,1 , R 90 , R}, then some of the constraints on the motif for a ribbon pattern can be eliminated. In particular, it is not required that some bands must overlap and there are no multiple crossings. In fact, for this restricted case, our arguments will apply to any asymmetric motif.
If one may choose from all 16 possible aspects in Fig. 1 to fill the 2 × 2 prototiles, then there are 16 4 = 65,536 possible signatures, and the full group G acts on them. The third author (Passiouras) and, independently, the fourth author (Fowler) developed computer programs that use a sieve algorithm (most famously known for the sieve of Eratosthenes for determining prime numbers; see, e.g. [24] ) to determine the number of inequivalent patterns with respect to G; there are 1124. All 65,536 signatures are put into an ordered database, and the first signature is subjected to all the transformations in G, forming the first equivalence class. The next signature in the database that is not in that equivalence class has the procedure repeated to form the second equivalence class; the process continues, each time choosing the next signature not assigned to an equivalence class, until every signature in the database has been assigned to an equivalence class.
Passiouras has a web-based interactive program (http://www.eschertiles.com) in which the user specifies the signature for the prototile, and the program automatically displays the prototile and a large patch of the corresponding ribbon pattern. He also has a complete display of 1124 inequivalent prototiles and their ribbon patterns at http://www.eschertiles.com/1124.pdf.
Counting using Burnside's Lemma
Burnside's Lemma 1 can be used to count the number of inequivalent classes of a set of objects under some group of operations. In [21] , the second author (Schattschneider) used Burnside's Lemma to verify Escher's result of 23 inequivalent ribbon patterns having only aspects 1-4 of his motif, with respect to the group X generated by S 1,0 , S 0,1 , and R 90 . In [9] , the first author (Gethner) used Burnside's Lemma to solve an extension of Escher's original problem: with respect to the same group X, count the number of inequivalent ribbon patterns generated by an m × m prototile whose m 2 subsquares are filled with choices from the four rotated aspects of an asymmetric motif. The techniques in this section extend those used in [9] .
Burnside's Lemma. Let G be a group of operations acting on a finite set S and let |fix(x)| be the number of objects in S fixed by a given operation x ∈ G. Then s, the number of inequivalent classes of S with respect to G, is given by
Proofs of Burnside's Lemma can be found in [18] and [22] .
Subgroups of G that act on prototiles and their ribbon patterns
Since there is a 1-1 correspondence between prototiles and their ribbon patterns, we will use the same notation, S, for the set of prototiles, as was used earlier for the set of their ribbon patterns. We will apply Burnside's Lemma in several specific situations, with the general situation this:
S is the set of 2 × 2 prototiles filled with aspects of an asymmetric ribbon motif chosen from a different aspects (where a will usually be 4, 8, or 16) and X is a subgroup of the group G that acts on S (G is generated by S 1,0 , S 0,1 , R 90 , R, and I ).
We first examine these subgroups of G.
Let H be the group of translations generated by S 1,0 and S 0,1 . Since these generators act on coordinates of the subsquares of prototiles modulo 2, they each have order 2, and also they commute. Thus H ∼ = Z 2 × Z 2 , a direct product of two cyclic groups of order 2. We will write an arbitrary element of H as S i, j , where
An element of H transforms the coordinates of subsquares of a prototile as follows:
Let K be a subgroup of G not containing translations. The largest such subgroup is generated by R 90 , R, and I , and has order 16. Any other non-trivial subgroup K will have order 2, 4, or 8. We list all 34 of these subgroups below (see [23] ), where we give a set of generators for each K in brackets. There are seven distinct (non-isomorphic) types of subgroups; in some cases, we have divided a type into two lists for easy reference in the propositions that follow.
(1) 11 cyclic groups of order 2: isomorphic to Z 2 .
(
K {R 270 R, R 180 I } (4) 4 dihedral groups D 4 of order 8: isomorphic to a semidirect product of Z 4 and Z 2 .
The elements of a subgroup K act on the coordinates of subsquares of a prototile as follows:
The decomposition of a subgroup X of G into subgroups H and K is the key to unraveling which elements do and which do not fix any prototiles; these facts are needed in order to apply Burnside's Lemma. In all that follows, let H and K be as defined above. Proof. Gethner proved this lemma for K {R 90 } in [9] . This result can easily be extended to the other possible K by noting that both the reflection R and inversion I leave the coordinates of subsquares of prototiles fixed and hence they also normalize the group of translations. So H is a normal subgroup of X. Clearly, H ∩ K = {e} for all K listed, hence X is the semidirect product of H and
Lemma 1 tells us that any element g ∈ X can be written as a composition of the functions given in (3) and (4), hence g acts on locations of subsquares of a prototile as follows:
We can now make a crucial observation that will be used to eliminate several cases as we determine which elements of G fix prototiles.
Lemma 2. Let g = hr where h ∈ H and r ∈ K \ {e}. Then g fixes no prototile if and only if g((x, y))
Proof. For the case of K = K {R 90 }, this is Proposition 3.8 of [9] . The algebraic proof there can be extended to the other K we consider. In particular, the proof formalizes the notion that r = e, g = hr will change the aspects of motifs in every subsquare, and if the location of a subsquare remains fixed but its aspect changes; it is impossible for g to fix the whole prototile, since the motif is assumed not to be fixed by any element of K \ {e}.
Counting fixed tiles and applying Burnside's Lemma
We can now calculate the sum in (2), Burnside's formula, for each of the subgroups X of G that act on the set S of prototiles with aspects in their subsquares chosen from a set A, with |A| = a. If, for a group X = HK, this sum is n, we will say (with a slight abuse of language) that HK fixes n tiles. We then divide this sum by |X| to obtain N K (a), the number of inequivalent prototiles with respect to X = HK. We note that when a subgroup K (in Section 2.3) acts on the set S of prototiles, it necessarily acts on the set A of aspects in subsquares of the prototiles. Thus A is closed under the action of K and hence |A| = a ≥ |K |. In the proofs that follow, we will often shorten the word 'prototile' to 'tile'.
One calculation is trivial:
Lemma 3. The identity operation e fixes all a 4 prototiles in S.
The propositions that follow consider the subgroups K in the order in which they are listed in Section 2.3. Fig. 7 . The six non-identity elements of HK{R 180 } that fix prototiles and the prototiles they fix. The letters 'p' and 'n' represent aspects of the motif which may be chosen independently from a aspects. The operation R 180 changes these to 'd' and 'u', respectively. 
Proposition 4. (i)
The only solution to g((x, y)) = (x, y) is i = 0 and j = 0. Lemma 2 implies that S 0,0 r does not fix any tile, and conversely, all other elements of HK \{e} must fix some tiles. For (i , j) = (0, 0), |S i, j | = 2 and |S i, j r | = 2, so the elements g = S i, j and g = S i, j r each fix a tile with the aspects of motifs in two subsquares arbitrarily chosen, and aspects of motifs in the two remaining subsquares determined by the action of g on the tile. Since |K | = 2, there are three elements S i, j and three elements S i, j r for (i , j) = (0, 0) and the tiles they fix each have a 2 free choices of aspects of the motif. Thus HK \ {e} fixes a total of 6a 2 tiles, and since e fixes a 4 tiles (Lemma 3), HK fixes a 4 + 6a 2 tiles.
(ii) From the argument in (i), we know that the three elements S i, j in HK \ {e} fix 3a 2 tiles. By our assumption on K and Eq. (5), any other element g ∈ HK \ {e} is of the form g = S i, j r = S i, j (R 90 ) k R(I ) t with k = 1 or 3, and Since k = 1 or 3, an element r = (R 90 ) k (I ) t has order 4, so g = S i, j r has order 4. Since g changes the aspects of motifs in every subsquare of a tile and has order 4, g fixes a tile only if the subsquares are filled with four aspects of an orbit of r acting on one subsquare, whose aspect may be freely chosen. So the four elements of the form S 0,1 (R 90 ) k (I ) t and S 1,0 (R 90 ) k (I ) t for k ∈ {1, 3} stabilize precisely a tiles each, giving a total of 4a tiles stabilized by these four elements. Adding this to the elements fixed by e (Lemma 3) and those for the case of k ∈ {0, 2}, we obtain a 4 + 6a 2 + 4a tiles fixed by HK. (ii) If K contains an element of the form g = (R 90 ) k R(I ) t with k = 1 or 3, then from the list of Klein-4 groups in Section 2.3, we see that K contains exactly two elements of this form. From the argument in Proposition 4(ii), we have that for each (i , j) with i = j, S i, j g fixes a tile with only a free choices of aspect, so these elements fix 4a tiles. K also contains two elements of the form h = (R 180 ) k (I ) t , which form a subgroup of order 2. From Proposition 4(i), we know that the elements S i, j h, (i , j) = (0, 0) fix 6a 2 tiles. Adding those fixed by e to these, HK fixes a 4 + 6a 2 + 4a tiles. 12a 2 + 8a) . Proof. K contains a cyclic subgroup K of order 4 which (by Proposition 5) implies that HK fixes a 4 + 6a 2 + 4a tiles. From the list of dihedral groups in Section 2.3, we can see that the remaining four elements of K are of the form g = (R 90 ) k R(I ) t , 0 ≤ k ≤ 3. When k = 0 or 2, the argument in Proposition 4(i) says that for (i, j ) = (0, 0) the elements S i, j g fix a total of 6a 2 tiles. When k = 1 or 3, the argument in Proposition 4(ii) shows that for i = j, the elements S i, j g fix a total of 4a tiles. Adding these to the tiles fixed by HK gives a total of a 4 + 12a 2 + 8a tiles fixed by HK. 
Proof. (i)
The argument in Proposition 6(i) holds for this group K , except that since |K | = 8, the number of tiles fixed by elements of HK \ {e} is 24a 2 . These, together with those fixed by e, give a 4 + 24a 2 tiles fixed by HK.
(ii) The argument in Proposition 6(ii) holds for this group K , except that there are four (instead of two) elements of the form g = (R 90 ) k R(I ) t with k = 1 or 3 and four (rather than two) elements of the form h = (R 180 ) k (I ) t (these latter four form a Klein 4-group). The elements S i, j h with (i, j ) = (0, 0) fix a total of 12a 2 tiles and the elements S i, j g with i = j fix a total of 8a tiles. All these, together with those fixed by e, give a 4 + 12a 2 + 8a tiles fixed by HK. Among all the cases considered in Propositions 4-10, the simplest is when |K | = a = 2. Here, the group K is generated by a transformation that interchanges two aspects. When K is as in Proposition 4(i), the formula gives N K (2) = 5, and when K is as in Proposition 4(ii), Table 2 summarizes the results of Propositions 4-10 for each of the subgroups K in Section 2.3, and also gives for each K the corresponding set A of aspects from Fig. 1 that contain aspect 1. Table 2 Results in Propositions 4-10. N K (| A|) is the number of inequivalent ribbon patterns with aspects chosen from A, with respect to the group HK; H is generated by S 1,0 and S 0,1
Symmetries of the 2 × 2 ribbon patterns
Traditional symmetry
Traditionally, we say that a pattern has symmetry (or is symmetric) if it is fixed by one or more non-trivial isometries of the xy-plane. A ribbon pattern W = φ(T ) has n-fold rotation symmetry if a rotation of 360 • /n about some point in the xy-plane fixes W ; equivalently, the rotation must fix T . Similarly, W = φ(T ) has reflection symmetry with respect to a mirror line m in the xyplane if a reflection of W in m fixes T , and has translation symmetry with respect to a vector v if a translation of W by v fixes T . The pattern W = φ(T ) has non-trivial glide-reflection symmetry if there is a glide-reflection with glide-vector v whose action on the xy-plane fixes T (and neither the translation nor the reflection associated with the glide-vector v fix T ). A periodic pattern is often classified according to its symmetry group, which is the collection of all isometries that fix the pattern. Further information on these transformations and symmetry groups of patterns (and their notation) can be found in [14, 17, 19] , and [20] .
All the ribbon patterns we have discussed have translation symmetry with respect to vectors in the group generated by S 0,2 and S 2,0 . So we are interested in identifying those patterns that have translation symmetry with respect to the translation vectors S 0,1 , S 1,0 , or S 1,1 , or have any of the other symmetries defined above with respect to the action of the group G. To do this, we first determine which combinations of the fundamental transformations in G (in Section 1.5) produce rotations, reflections, or glide-reflections, and then use Lemma 2 to determine which of these can fix the signature of a prototile T (and hence fix T ). It is then straightforward to determine which signatures are fixed by a given isometry. In general, signatures of symmetric patterns will have two (usually distinct) symbols p, q along with their images under the action of one, two, or three elements in the group K {R 90 , R, I }. We note that some ribbon patterns (not ones produced by Escher's motif in Fig. 1 ) may have additional symmetries that are not induced by the symmetry of the embedded 2 × 2 prototile, and hence will not be discovered by determining all elements of G that fix the signature of the generating tile. An example of such a ribbon pattern is given in Section 4.
We now briefly summarize some properties of symmetries of the ribbon patterns with respect to the action of G and display a few patterns to illustrate various symmetries. Table 3 at the end of the section gives details on all ribbon patterns with traditional symmetry.
Translation symmetry: The format of tiles fixed by S 0,1 , S 1,0 , or S 1,1 is shown in Fig. 7 ; when the letter 'p' represents aspect 1 and the letter 'n' represents aspect 4a, the corresponding signatures and ribbon patterns are as in Fig. 10(a)-(c) . Fourfold rotation symmetry: A rotation of 90 • or 270 • (counterclockwise) in the group G is of the form S i, j (R 90 ) k with k = 1 or 3, and fixes a prototile only when i = j (Proposition 5). Since the motif is asymmetric, a pattern with fourfold rotation symmetry must have its fourfold centers at points where four subsquares meet. Fig. 9 shows the placement of aspects in prototiles fixed by these rotations; when the letter 'p' represents aspect 1, the signatures and ribbon patterns are as in Fig. 10 Since R toggles on or off the underlines of symbols in a signature, any signature that is fixed by a reflection must have exactly two symbols underlined and two not underlined. Fig. 12 shows examples of three ribbon patterns with reflection symmetry.
Glide-reflection symmetry: Non-trivial glide-reflections can have horizontal or vertical glide lines of two types: (1) edges of subsquares and (2) lines that join opposite mid-points of subsquares. There can also be diagonal glide lines that join mid-points of adjacent sides of subquares. In fact, G contains each of these types of glide-reflections that fix prototiles: the transformations S 1,0 R and S 1,1 R are glide-reflections with horizontal glide lines, S 0,1 R 180 R and S 1,1 R 180 R are glide-reflections with vertical glide lines, and S 1,0 R 90 R and S 0,1 R 90 R are glide-reflections with diagonal glide lines. Although S 1,1 R 90 R and S 1,1 R 270 R are glide-reflections, Proposition 6 shows they fix no prototile. It is possible for a pattern to have two distinct sets of glide lines that are perpendicular to each other; such patterns will also have twofold rotation symmetry. Fig. 13 shows examples of patterns that exhibit distinct kinds of glide-reflection symmetry. Table 3 lists formats of all signatures that correspond to ribbon patterns having symmetry with respect to the action of G. Each row gives a signature, all elements of G that fix it, and all symmetries of its pattern (other than translations S i, j with i ≡ j ≡ 0 (mod 2)) together with the symmetry elements of the pattern (rotation centers, reflection and glide-mirrors, vectors for translations or glide-reflections). When a signature satisfies more than one format, the pattern will usually have multiple symmetries. For example, the signature p p p p is of type pp, of type p p, and of type p q p q (in each case, q = p ), so all three transformations S 1,1 , S 1,0 R 180 , and S 0,1 R 180 fix the signature. A pattern of this type in which p = 1 is shown in Fig. 11(c) .
Symmetry with respect to inversion
"Inversion symmetry" for a woven pattern is not a traditional symmetry [11] , perhaps because inverting the under/over order of weave does not fix any woven pattern. But considering our ribbon patterns as layered and two-sided, some have symmetry with respect to an inversion combined with an element in the group HK{R 90 , R}. We will say a pattern is invariant under the inversion I (has inversion symmetry) if, after applying the transformation I , a translation and/or a rotation brings the pattern into coincidence with itself. Similarly, we will say a pattern is invariant under RI (is reversible) if, after applying the transformation RI, there exists a translation Table 3 Signatures of prototiles fixed by a non-trivial isometry in G; the letters p and q represent aspects of the motif, chosen from the 16 aspects in Fig. 1 . The symmetries in G of each pattern are given, along with associated translation vectors, centers of rotation, mirrors or glide lines, and glide-vectors and/or a rotation that brings the pattern into coincidence with itself. The operation of RI on a twosided pattern is equivalent to turning it over (so if it looks the same after being turned over, it is reversible).
A pattern invariant under I is fixed by an element of G of the form S i, j (R 90 ) k I , and a pattern invariant under RI is fixed by an element of G of the form S i, j (R 90 ) k R I . Fig. 14 shows four patterns that are invariant under I or RI. Table 4 lists the formats of all signatures of ribbon patterns that have inversion symmetry or are reversible, with additional information as in Table 3 . When a signature satisfies more than one format in this table, it is fixed by more than one element in G of the form S i, j (R 90 ) k (R) s I and so may be invariant under both I and RI. When a signature has a format that is also in Table 3 , the pattern will have both traditional symmetry and symmetry with respect to I or RI. For example, the signature p pa p pa is of type p paa, of type p q p q , and of type pa pa , so is fixed by the three transformations S 1,0 I, S 0,1 R 180 R, and S 1,1 R 180 R I . For p = 1, this pattern is shown in Fig. 14(d) . Table 5 We are aware of fourteen different ribbon patterns made by Escher with his hand-carved stamps shown in Fig. 1 ; he hand-colored these patterns using a minimum number of colors while ensuring that crossing ribbons had different colors. All are invariant under I or RI, and all have at least one additional symmetry with respect to the action of G. In Table 5 , we note with an asterisk the signatures of Escher's patterns. Escher also experimented with motifs having curved bands, and with 2 × 4 and 4 × 4 prototiles to create ribbon patterns by translation; the larger prototiles afforded even more opportunity for symmetry. Photos of six of Escher's hand-done patterns are in [20] and two more are in [6] . A color computer-generated version of another is in [21] .
Stabilizer subgroups of G
The set of all elements in G = HK{R 90 , R, I } that fix the signature of a prototile T is a subgroup of G, which we call the stabilizer of T in G. Only those prototiles whose stabilizer subgroups contain non-identity elements will produce patterns having symmetry properties with respect to the action of G. The computer searches described in Section 2 easily identified signatures with non-trivial stabilizers. These are the signatures which, when acted on by the 64 elements of the group K {R 90 , R, I }, produced orbits (equivalence classes) with 32 or 16 signatures. The list of stabilizer subgroups was compiled both by hand and computer; each subgroup has order 2 or 4. This list, given in Table 5 , reveals the rich lattice of stabilizer subgroups in G.
There are 24 different stabilizer subgroups of order 2; most of these leave several inequivalent signatures fixed. In all, 92 inequivalent signatures have stabilizer subgroups of order 2. These 24 subgroups encompass all groups of the form {S 0,0 , S i, j r }, where (i, j ) = (0, 0) and r ∈ W = {e, R 180 , R, I, R 180 R, R 180 I, RI, R 180 R I }. There are 72 different stabilizer subgroups of order 4, each fixing exactly one of the representative inequivalent signatures. These stabilizer subgroups are of five distinct types: Table 4 Signatures of prototiles whose patterns are invariant under I or R I . The letters p and q represent aspects of the motif, chosen from the 16 aspects in Fig. 1 . The listing is similar to Table 3 Table 5 gives a representative signature for each of the 164 equivalence classes of signatures with non-trivial stabilizers in G, the stabilizer subgroup in G for each signature, and the symmetries of the associated ribbon pattern. Each equivalence class of signatures under the action of the group G contains at least one signature that begins with '1'; we order signatures lexicographically with respect to the following ordering:
In the table, each equivalence class is represented by its least element under this ordering, and the representative signatures are listed with respect to this ordering. The corresponding 164 inequivalent ribbon patterns can be found in the Appendix, sorted according to symmetry properties. 
Ribbon patterns and woven fabrics
A woven fabric is a two-layered pattern that consists of two sets of congruent parallel straight strands of equal width; the weft (horizontal strands) and warp (vertical strands) interweave to produce the doubly periodic pattern, which must "hang together" (that is, it is impossible to lift some subset of strands so that the fabric is separated into two disjoint parts). The fundamental block of the pattern is an m × n rectangle of woven strands which is translated horizontally and vertically to produce the pattern. Traditionally, the fundamental block is diagrammed on squared paper, with rows representing the weft and columns the warp. A square is colored white where a weft strand passes over a warp strand and colored black if the weft passes under the warp. The simplest possible weave, known as a plain or tabby weave, has fundamental block a 2 × 2 tile whose diagram has a checkerboard coloring. Fig. 15 shows how this fabric weave can be generated by the 2 × 2 algorithm. It would seem that this could be a 2 × 2 ribbon pattern.
Although the plain weave pattern in Fig. 15 is homeomorphic to the ribbon patterns in Fig. 2 , its motif is highly symmetric, and hence fails to satisfy our definition for a 2 × 2 ribbon pattern. There are only two distinct aspects of the plain weave motif generated by the operations of rotation, reflection, and inversion-both are displayed in Fig. 15(a) ; these aspects alternate in the weave.
Other woven fabrics can arise on applying our 2 × 2 algorithm; these will have larger and more complex motifs, and frequently the motifs will have some symmetry. We note that the symmetry of such a fabric motif can be analyzed most easily by examining its diagram of black and white squares. A rotation of 180 • or a reflection in a horizontal or vertical line does not change orientation of strands, so if one of these transformations fixes the diagram of the motif, preserving colors, the motif has that symmetry. A rotation of the diagram by 90 • or 270 • will reverse the roles of weft and warp, so if the diagram of the motif is fixed by one of these rotations followed by a color reversal, then the motif has that rotation symmetry (note that the diagram of the fundamental block of the plain weave in Fig. 15(b) illustrates this symmetry) . A reflection in a diagonal of the diagram reverses the roles of weft and warp and leaves fixed all squares on the diagonal. An inversion also reverses the roles of weft and warp and fixes the positions of all squares. Thus if a diagonal reflection of the diagram fixes the motif, preserving colors, then the motif will be reversible (fixed by R 90 R I or R 270 R I ). Fig. 16 shows the motif and a 2 × 2 fundamental block of a traditional fabric weave, a balanced twill of period 6, along with a portion of the fabric. The only symmetry of the diagram of the motif is a diagonal reflection, which shows that the motif is invariant under R 90 R I . Reversibility is characteristic of twills.
Our condition that a 2 × 2 ribbon motif be asymmetric with respect to the group generated by R 90 , R, and I was essential in the argument in Lemma 2. In general, the symmetry of a fabric motif is a condition that must be addressed in adapting our enumeration methods to woven fabric designs generated by the 2 × 2 algorithm. In our closing section below, we list several questions that need further investigation; this is the first.
The condition that a woven fabric hang together also must be taken into consideration when enumerating possible fabric weaves generated by the 2 × 2 algorithm. We have ignored this entirely in our enumeration of 2 × 2 ribbon patterns, and from the display of ribbon patterns in our Appendix, it is clear that many of these patterns do not hang together at all; in fact some have discrete parts, disconnected from all other parts of the pattern. Even some that look like plausible woven fabrics do not pass the "hang together" tests described in the literature [1, 3, 5] .
A final caution has to do with using our methods for enumerating the symmetries of a 2 × 2 fabric weave that is a ribbon pattern. The symmetries we identify in Section 3 for the 2 × 2 ribbon patterns are only those with respect to the group G generated by S 1,0 , S 0,1 , R 90 , R, and I ; these symmetries arise from the action of G on the 2 × 2 generating tile embedded in the x y-plane (as shown in Fig. 4) . Although there are no additional symmetries in the 2 × 2 ribbon patterns generated by Escher's motif in Fig. 1 , it is possible (perhaps even probable) that additional symmetries will be present in a genuine fabric weave that is a 2 × 2 ribbon pattern. The facts that all strands are congruent and the parallel warp strands are perpendicular to the interwoven weft strands make additional symmetries unsurprising. Fig. 17(a) gives an illustrative example of an asymmetric motif that generates a 2 × 2 ribbon pattern that is a fabric weave with vertical mirror symmetry that would not be detected by the action of G on the 2 × 2 fundamental block embedded in the x y-plane. With respect to this embedding, the equations of the mirror lines in the woven fabric in Fig. 17 Viewing the patch of the woven fabric in Fig. 17(c) , it is obvious that the symmetric motif (d) would generate the same 2 × 2 pattern, and the reflection symmetry of the fabric would be induced by the symmetry of the motif. The question of how to identify symmetries of a 2 × 2 ribbon pattern other than those that can be identified by the action of G on the signature needs to be addressed; this is our second question in the last section.
There is an extensive literature on the geometry, symmetry, and classification of woven fabrics; most of the mathematical analysis of fabric weaves was developed by Branko Grünbaum and Geoffrey C. Shephard. Articles that introduce some of the main ideas and definitions are [10, 12] , and [17] ; [13] is an online bibliography of sources.
Questions for investigation
There remain many open problems including:
(1) Generalize the formulas given in Propositions 4-10 for the case of a motif with rotation, reflection, or inversion symmetry, or that is reversible. (2) Find an algorithm that can identify symmetries of a 2 × 2 ribbon pattern other than those with respect to the group generated by S 1,0 , S 0,1 , R 90 , R, and I (which act on the 2 × 2 tile embedded in the x y-plane). 
